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Abstract
We propose dualities of N = (0, 2) supersymmetric boundary conditions for
3d N = 2 gauge theories with orthogonal and symplectic gauge groups. We
show that the boundary ’t Hooft anomalies and half-indices perfectly match for
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1 Introduction and conclusions
Seiberg duality [1] of 4d N = 1 gauge theories is the duality in the IR which relates
an ‘electric’ SU(Nc) gauge theories with Nf flavours of quarks and antiquarks to a
‘magnetic’ SU(Nf − Nc) gauge theories with Nf flavours of quarks and antiquarks
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together with a gauge singlet field coupled through a superpotential (See e.g. [2, 3, 4,
5, 6, 7, 8, 9] for various generalisations.).
There exists a three-dimensional analogue, aka Seiberg-like duality in 3d N = 2
gauge theories. For the unitary gauge group, the IR duality [10] relates N = 2
gauge theory with gauge group U(Nc), Nf fundamental chiral multiplets and Nf anti-
fundamental chiral multiplets to N = 2 gauge theory with gauge group U(Nf −Nc),
Nf fundamental chiral multiplets and Nf anti-fundamental chiral multiplets as well
as additional gauge singlet chiral multiplets and a superpotential. For the symplectic
gauge group, the IR duality [10] relates USp(2Nc) gauge theory with 2Nf fundamental
chiral multiplets to USp(2Nf − 2Nc − 2) gauge theory with 2Nf fundamental chiral
multiplets along with gauge singlets and a superpotential. The dualities are generalised
to the theories with a Chern-Simons term [11, 12], which can be achieved by adding
real masses to flavours, leading to an effective Chern-Simons term at low energy. The
3d Seiberg-like dualities are extended to the SU(Nc) gauge theories [13, 14, 15, 16, 17,
18, 19], the orthogonal gauge theories [20, 21, 22, 23, 24, 25, 26], the G2 gauge theory
[25], the quiver gauge theories [27, 28], the gauge theories with arbitrary numbers of




∈ Z [21], with adjoint matter fields [29, 30, 14, 31, 16, 32, 17, 19], with
other tensor matter fields [33, 34, 35, 36] and with a monopole superpotential [37, 38].
In the presence of a boundary, the dualities become more elaborate as the bulk fields
are subject to certain boundary conditions and they can further couple to additional
boundary degrees of freedom. The half-BPS boundary conditions preserving N =
(0, 2) supersymmetry in 3d N = 2 gauge theories have been studied in [39, 40, 41,
42, 43, 44, 45, 46]. Simple dualities of N = (0, 2) half-BPS boundary conditions of
3d N = 2 gauge theories for Abelian gauge theories were proposed in [40] and various
dualities of N = (0, 2) half-BPS boundary conditions for 3d N = 2 gauge theories
with unitary gauge groups were proposed in [43]. 3
Other approaches to describing Chern-Simons theories with boundary have fo-
cussed on the relation to CFTs4 and specifically WZW models [51, 52, 53]. This has
been used to infer possible boundary matter in many examples including CS with
various amounts of supersymmetry, including ABJM models [54, 55, 56, 57, 58, 59],
while boundary conditions have been analysed for multiple M2-branes in [60, 61, 62].
In the context of Seiberg-like dualities, several level-rank dualities of gauged WZW
models have been proposed [63, 64] using the relation to Chern-Simons theories and
3See [47, 48] for the study of dualities of N = (0, 4) boundary conditions and [49, 50] for N = (2, 2)
boundary conditions in 3d N = 4 supersymmetric gauge theories.




In this paper, we study N = (0, 2) half-BPS boundary conditions for 3d N = 2
gauge theories with symplectic and orthogonal gauge groups and propose dualities of
these boundary conditions. We support our claims by computing boundary ’t Hooft
anomalies and supersymmetric half-indices which perfectly match for the proposed
dual pairs of boundary conditions. For orthogonal gauge groups the global structure
of the group is important and has been discussed for 3d Chern-Simons theories in the
context of Seiberg-like duality [24] and level-rank duality [65]. We show that with
boundary conditions there is a similar set of dualities relating the following groups
under Seiberg-like duality: SO ↔ SO, O+ ↔ O+, O− ↔ Spin and Pin± ↔ Pin±.
The organisation of this article is as follows. In section 2 we discuss the duality
we suggest for N = (0, 2) half-BPS boundary conditions in 3d N = 2 USp(2Nc)
gauge theories and test it by computing supersymmetric half-indices. In section 3 we
propose the dualities ofN = (0, 2) half-BPS boundary conditions for 3dN = 2 SO(Nc)
gauge theories. We find more extensive identities of half-indices parameterised by two
parameters ζ and χ corresponding to the global Z2 symmetries [24]. In section 4 we
discuss the dualities of N = (0, 2) half-BPS boundary conditions for other orthogonal
gauge groups. In Appendix A we present the notation and convention of our tools,
including boundary anomalies and supersymmetric indices. In Appendix B we show
numerical results obtained from Mathematica.
2 USp(2Nc) gauge theories
The quantum dynamics of 3d N = 2 supersymmetric gauge theories with gauge groups
G = USp(2Nc) has been studied in [66, 67, 10]. USp(2Nc) is the subgroup of SU(2Nc)
that keeps an antisymmetric tensor Jab = (INc ⊗ iσ2)ab invariant. Since the antisym-
metric tensor εi1···i2Nc breaks up into sums of products of the Jab, the USp(2Nc) gauge
theory has no baryons. Also there is no topological current as the gauge group is
simple.
For the symplectic gauge groups, the IR dualities are proposed in [10, 67]. We will
refer to these dual theories as theory A and theory B, but they are also commonly
referred to as the electric and the magnetic theories:
• Theory A: USp(2Nc) gauge theory with 2Nf chiral multiplets Q in the fun-
damental representation. It contains gauge invariant operators as the meson
M = QQ and the monopole operator V .
• Theory B: USp(2(Nf − Nc − 1)) gauge theory with 2Nf chiral multiplets q in
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the fundamental representation, Nf (2Nf − 1) neutral chiral multiplets M in the
rank-2 antisymmetric representation of SU(2Nf ) and a chiral multiplet V which
has the superpotential
W = Mqq + V Ṽ (2.1)
where Ṽ is the monopole operator.
The charges of the chiral multiplets are given by
G = USp(2Nc) G̃ = USp(2(Nf −Nc − 1)) SU(2Nf ) U(1)a U(1)R
Q Nc 1 2Nf + r
q 1 2(Nf −Nc − 1) 2Nf − 1− r
M 1 1 Nf (2Nf − 1) 2 2r
V 1 1 1 −2Nf 2Nf − 2Nc − 2rNf
(2.2)
The quantum numbers crucially depend on the rank of gauge group and the number
of flavours.
2.1 N = (0, 2) half-BPS boundary conditions
We introduce a boundary to the 3d N = 2 theories in such a way as to preserve
N = (0, 2) supersymmetry in 2d. For the 3d bulk fields we must impose boundary
conditions, and basic N = (0, 2) boundary conditions [40] impose either Neumann or
Dirichlet boundary conditions on chiral multiplet (which we denote by N or by D) and
either Neumann or Dirichlet boundary conditions on vector multiplet (VM) (which
we denote by N or by D) 5 which is compatible with the decomposition of the 3d
N = 2 supermultiplets into 2d N = (0, 2) supermultiplets on the boundary. The
choice of Neumann or Dirichlet boundary conditions projects out specific N = (0, 2)
supermultiplets.
On the 2d boundary we can have anomalies and these give two important con-
straints. If we have a gauge symmetry, which will be the case for Neumann boundary
conditions for bulk vector multiplets, we require gauge anomaly cancellation. On
the other hand, for global symmetries, including gauge symmetry broken by Dirich-
let boundary conditions for the vector multiplet, we do not require cancellation of
the anomalies. Instead, we get constraint on any proposed duality that the ’t Hooft
5One can also consider singular boundary conditions. Although it is intriguing to reduce them to
the B-type boundary conditions found in [68], we leave it to future work.
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anomalies must match, i.e. the anomaly polynomials for the two theories must be
equal.
The method to calculate the 2d boundary anomaly polynomial was given in [43].
There are three types of contribution to the anomalies: 3d bulk supermultiplets pro-
jected onto the boundary with Neumann of Dirichlet boundary conditions; 2d super-
multiplets introduced on the boundary; background Chern-Simons or FI terms. We
summarise the general results presented in [43] in appendix A.2. The specific results
for the fields in the USp(2Nc) − [2Nf ] theory A and USp(2(Nc − Nf − 1)) − [2Nf ]
theory B we consider are





AQ =Nf Tr(s2) +Nc Tr(x2) + 2NcNf (a + (r − 1)r)2, (2.4)
Aq =Nf Tr(s̃2) + (Nf −Nc − 1) Tr(x2) + 2(Nf −Nc − 1)Nf (−a− rr)2, (2.5)
AM =(Nf − 1) Tr(x2) +
1
2
Nf (2Nf − 1)(2a + (2r − 1)r)2, (2.6)
AV =1
2
(−2Nfa + (2(1− r)Nf − 2Nc − 1)r)2 (2.7)
for Dirichlet boundary conditions. For Neumann boundary conditions the contribu-
tions are the same but with opposite sign. The notation s (s̃) refers to the gauge field
strength in theory A (B), x to the field strength for the global SU(2Nf ) flavour sym-
metry, and a and r to the field strengths for the global U(1)a and U(1)R symmetries.
We also need 2d boundary matter and the only multiplet required for the examples
we consider is a USp(2Nc) × USp(2(Nf − Nc − 1)) bifundamental Fermi multiplet,
Ψ. Here USp(2Nc) is the 2d gauge group inherited from the bulk vector multiplet
with Neumann boundary conditions while USp(2(Nf − Nc − 1)) is a global flavour
symmetry which is identified with the dual gauge group broken to a global symmetry
by the Dirichlet boundary conditions for the dual vector multiplet. This gives anomaly
contribution
AΨ =(Nf −Nc − 1) Tr(s2) +Nc Tr(s̃2) . (2.8)
Note that this contribution is actually only half of what might be expected for such
a Fermi. However, this is precisely the contribution required for anomaly cancellation
and we interpret this as due to a reality condition on the Fermi. We will comment
again on this when discussing the Fermi contribution to the half-index.
For now we consider the 3d dualities with vanishing Chern-Simons level, in which
case we have no background Chern-Simons terms.
The boundary conditions we consider are (N ,N) in theory A, referring to the choice
of Neumann boundary conditions for (VM, Q) together with (D,D,N,D) in theory B
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for (VM, q,M, V ). With this choice we need to cancel the gauge anomaly in theory A
which we can do by including the bifundamental Fermi in theory A. This also leads
to anomaly matching with theory B without any further 2d matter. In particular we
have




(4Nf (1− r)2 − 2Nc − 1)r2
+ 4(1− r)NcNfar− 2NcNfa2, (2.9)
AA,bdryN ,N =A





(4Nf (1− r)2 − 2Nc − 1)r2
+ 4(1− r)NcNfar− 2NcNfa2 (2.11)
and it is easy to see that all dependence on s is cancelled and









Taking the opposite choice of boundary conditions for all fields we also get anomaly
matching if we add the bifundamental Fermi to theory B instead of theory A. This
also cancels the gauge anomaly in theory B.
We therefore have the following proposed dualities
• Theory A with (N ,N) boundary conditions plus Fermi Ψ ↔ Theory B with
(D,D,N,D) boundary conditions.
• Theory A with (D,D) boundary conditions ↔ Theory B with (N ,N,D,N)
boundary conditions plus Fermi Ψ.
For these proposed dualities we have only considered two-dimensional charged
Fermi multiplets which cancel the gauge anomaly as minimal choices of boundary
degrees of freedom. However, it would be interesting to allow two-dimensional vector
and charged chiral multiplets to investigate other dual boundary conditions. We leave
this to future work.
2.2 Supersymmetric indices
The supersymmetric “full-index” of 3d N = 2 supersymmetric theories can be defined
as a trace over the states on S2×R [69, 70, 71, 72, 73]. It can be evaluated as a partition
function on S2×S1 from the UV description and the UV formula was obtained in [70]
for the theory with canonical conformal dimension and in [71] for the theory with any
conformal dimension via the localisation technique.
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The supersymmetric “half-index” of 3d N = 2 supersymmetric theory T obeying
the N = (0, 2) half-BPS boundary condition B can similarly be defined as a trace over
the states that correspond to half-BPS local operators on the boundary [39, 41, 42, 43]
IITB = TrOp(−1)F qJ+
R
2 xf (2.13)
where F is the Fermion number operator, J is the generator of the Spin(2) ∼= U(1)J
rotational symmetry of the two-dimensional plane where the boundary local operators
are supported, R is the R-charge and f is the Cartan generators of the other global
symmetry group.
One can compute the half-index as a partition function on HS2×S1 which encodes
the N = (0, 2) half-BPS boundary conditions on ∂(HS2 × S1) = S1 × S1 where
HS2 is a hemisphere. The UV formula for the half-index of the Neumann boundary
condition for the gauge multiplet was derived in [39, 41, 42] and the formula for the
Dirichlet boundary conditions for the gauge multiplet was proposed in [43]. The half-
index has applications in the context of quantum K-theory [?] and can also realise the
holomorphic block [74, 75], the q-series 3-manifold invariant Ẑ [76] which has a number
of applications to topology and number theory (see e.g. [77, 78, 79, 80, 81, 82]) and
the 4-manifold invariant [83] (see e.g. [84]).
We summarise the general results here for the full-indices and half-indices, us-
ing notation USp(2Nc) − [2Nf ]A for theory A with gauge group USp(2Nc) and 2Nf
fundamental chiral multiplets, and USp(2Ñc)− [2Nf ]B for the dual theory B.
2.2.1 Full-index
The test of the IR duality for the symplectic gauge group were performed by computing
supersymmetric indices in [85, 22].























































where we note that a is the fugacity for the U(1)a symmetry which can be combined
with the SU(2Nf ) flavour symmetry to form a U(2Nf ) flavour symmetry. Here we
have set the SU(2Nf ) flavour fugacities xα → 1 for simplicity.
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The full-index of theory B, which is the dual of theory A with gauge group



























































We can construct the half-indices for the 3d N = 2 gauge theories with Dirichlet
boundary condition D for the vector multiplet using the expressions in [43]. We
briefly review the construction for both Neumann and Dirichlet boundary conditions,
and describe some details for symplectic gauge groups in appendix A.3. We find for





















where the effective CS coupling keff is determined by the ’t Hooft anomaly. As we are
not turning on background fluxes, the only term relevant is the gauge field contribution
which is Ñc tr(s














where we note that relative to the unitary cases [43] and the orthogonal cases we
discuss later, there is a factor of 2 when mapping the anomaly polynomial terms to
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the effective Chen-Simons coupling contribution. This factor arises from the conversion
of the magnetic charge m ∈ cochar(G) to the electric charge km ∈ weight(G), noting
that Cartan-Killing form for G = USp(2Nc) differs by a factor of 2 from that for the





























In both cases the matter contributions are given by the product of contributions
for each chiral multiplet in the theory, depending on the chosen boundary conditions.






























































IIVD = (qNc−(1−r)Nf+1a2Nf ; q)∞. (2.28)






































but as noted for the anomaly contribution we should impose a reality condition. This
will half the number of degrees of freedom so the contribution to the 2d index will
be the square root of this quantity6. As it is a perfect square this gives a consistent















The half-indices for theory B are constructed in exactly the same way but exchang-
ing Nc ↔ Ñc except for the matter contributions which are already written specifically
for each theory. Note that since the dualities we consider are between theories with
opposite boundary conditions for the vector multiplets it is consistent to use fugaci-
ties si for the preserved gauge symmetry in whichever theory has Neumann boundary
conditions, and fugacities ui in the other theory with Dirichlet boundary conditions
breaking the gauge symmetry to a global symmetry.
We now present some examples which we have checked numerically to find matching
indices. For calculational purposes these are all checked with flavour fugacities xα = 1.
After presenting these examples we will construct the half-indices with non-zero Chern-
Simons level.
2.3 Nc = 1, Nf = 3 (USp(2)− [6])
We start with the simplest example with Nc = 1, Nf = 3, where Theory A is USp(2) =





























Theory B is USp(2) = SU(2) gauge theory with six fundamental chiral multiplets































of Theory B. See [85] 7 and Appendix B.1 for the expansions of indices.
6There is no sign ambiguity as the contribution must be a q-series starting with +1 rather than
−1.
7There is a typo in eq.(6) of [85].
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2.3.1 USp(2)− [6] with N , (N,N,N; N,N,N) + Fermis







































of Dirichlet b.c. (D,D,N,D) for Theory B. See Appendix B.1.2 for the expansion of
indices.
2.3.2 USp(2)− [6] with D, (D,D,D; D,D,D)
















On the other hand, the half-index of Neumann b.c. (N ,N,D,N) plus charged


























We have confirmed that the half-indices (2.36) and (2.37) perfectly match. See Ap-
pendix B.1.3 for the expansion of indices.
2.4 Nc = 2, Nf = 5 (USp(4)− [10])
Next example is the case with Nc = 2, Nf = 5, where Theory A has gauge group
USp(4) and ten fundamental flavours.
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Unlike the previous example, Theory B has a different gauge group, i.e. USp(4)
as well as ten fundamental chiral multiplets and neutral chiral multiplets.






















































of Theory B. One finds the agreement of indices (2.38) and (2.39). See [85] and
Appendix B.1 for the expansion of indices.
2.4.1 USp(4)− [10] with N , (N,N,N,N,N; N,N,N,N,N) + Fermis
The half-index of Neumann b.c. (N ,N) together with the charged Fermi multiplets








































j ; q)∞. (2.40)




































As shown in Appendix B.1.2, we find that the half-indices (2.40) and (2.41) precisely
match.
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2.4.2 USp(4)− [10] with D, (D,D,D,D,D; D,D,D,D,D)













































































of Neumann b.c. (N ,N,D,N) for Theory B which involves the charged Fermi multi-
plets. See B.1.3 for the expansion of indices.
2.5 Chern-Simons level k 6= 0
As shown in [21] we can induce a non-zero Chern-Simons coupling starting from the
case of vanishing Chern-Simons level with NF + 2|k| fundamental chirals and giving
masses to 2|k| of them. Taking the masses to ±∞ we integrate out these 2|k| chirals
and are left with NF flavours and Chern-Simons coupling k = ±|k|. Here the ± signs
are the same for the masses and the sign of k. Note that we only require 2|k| ∈ Z so
although NF +2|k| is an even integer (which we can label 2Nf as in the case of k = 0),
NF is only constrained to be integer. In the dual theory B the corresponding chirals
get masses of the opposite sign and consequently theory B gets a Chern-Simons level
−k. This produces a duality USp(2Nc)k ↔ USp(2|k| + NF − 2Nc − 2)−k with NF
fundamental chirals in both theories.
As shown in [43], chiral edge modes are present for bulk chirals with Neumann
boundary conditions and positive masses, and with Dirichlet boundary conditions and
negative masses. These edge modes introduce additional 2d chiral or Fermi multiplets.
On the other hand, with negative masses for Neumann and positive masses for Dirichlet
boundary conditions there are no edge modes and the dualities follow through without
additional 2d multiplets. We focus on the latter cases for simplicity.
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To derive the half-indices with k 6= 0 we can take limits of the fugacities following
the procedure described in [21] for the full indices, and somewhat similar to the process










D,D,N k < 0 (2.45)
where we note the singlet V is also integrated out for k 6= 0.
These half-indices are given by a simple prescription of removing the IIV con-
tribution which is present in the half-indices for the k = 0 cases and noting that
Ñc = |k|+NF/2−Nc − 1.
A derivation follows from the limit taking masses to infinity as explained in [21].
First write SU(2Nf ) × U(1)a as U(2Nf ) with fugacities x̂α = axα and in IIV replace
a2Nf →
∏2Nf
α=1 x̂α. Note that while
∏2Nf
α=1 xα = 1 for the SU(2Nf ) fugacities xα, there
is no such constraint on the U(2Nf ) fugacities x̂α. Now, for the 2|k| values of α
corresponding to massive chirals we take the limit x̂α → 0 for negative mass in theory
A and x̂α → ∞ for positive mass in theory A. For the simple choice of boundary
conditions we are considering it is easy to see that this simply removes (set to 1) the
contributions to the half-indices from those 2|k| fundamental chirals in theories A and
B and at the same time removes the contribution from the corresponding parts of
M and the contribution of V . Hence, in the cases we consider, this is a well-defined
limit and the matching of half-indices follows for the matching for k = 0, assuming
that holds for arbitrary flavour fugacities. We can then write the remaining U(NF )
flavour symmetry as SU(NF ) × U(1)a and replace the remaining NF fugacities x̂α
with axα, now with the constraint on the SU(NF ) fugacities
∏NF
α=1 xα = 1. This gives
precisely the half-indices following the simple prescription above of simply omitting
the contributions from the massive fields. Note that if we took the limits with the
‘wrong’ boundary conditions, the individual contributions would not have well-defined
limits, and indeed we would need to introduce appropriate additional 2d chirals or
Fermis to get well-defined matching half-indices.
One additional point to note is that if we calculate the anomaly polynomials for
the duals with k 6= 0 simply by including the CS contribution ±kTr(s2) for theory
A and ∓kTr(s̃2) for theory B, we would naively not get matching results. This is
because there are background Chern-Simons terms generated by integrating out the
massive fields and these contributions only taken into account those associated to the
gauge groups. Including these background Chern-Simons levels we do have matching
anomaly polynomials and indeed we can see these Chern-Simons levels by simply
taking the difference in the anomaly polynomial before and after integrating out the
16
massive fields in each theory. As we have not turned on background fluxes, our half-
indices are not sensitive to these other background Chern-Simons levels. In particular
we have the following contributions from background Chern-Simons levels, in addition
to the ±kTr(s2) or ∓kTr(s̃2) contributions
AUSp(2Nc)k<0−[NF ]
A






2 + 4kNc(r − 1)ar + 2kN(r − 1)2r2, (2.46)
AUSp(2Ñc)k<0−[NF ]
B





= kTr(x2) + 2
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2 + 4kNc(r − 1)ar + 2kN(r − 1)2r2, (2.48)
AUSp(2Ñc)k>0−[NF ]
B






























In the following, we explicitly show examples of the half-indices with CS level k 6= 0
for which we have checked the precise agreement.
2.5.1 USp(2)±k − [6− 2k]


































































3 SO(Nc) gauge theories
The quantum dynamics of 3d N = 2 supersymmetric gauge theories with orthogonal
gauge groups which is more subtle than with the unitary or symplectic gauge groups
has been studied in [23, 24].
The IR dualities associated with the Lie algebra g = so(Nc) of gauge symmetry
are derived in [24] by taking an appropriate limit of the 4d N = 1 gauge theories on
a circle. There are three distinct 4d gauge theories for g = so(Nc) with gauge group
SO(Nc)+, SO(Nc)− or Spin(Nc) where SO(Nc)± are distinguished by ZM2 , a Z2 global
symmetry that changes the sign of the non-trivial line operator [86].
The 4d duality between SO(Nc)+ gauge theories leads to the 3d IR duality [24]:
• Theory A: SO(Nc) gauge theory with Nf chiral multiplets Q in the vector rep-
resentation.
• Theory B: SO(Ñc = Nf − Nc + 2) gauge theory with Nf chiral multiplets q
in the vector representation, Nf (Nf + 1)/2 neutral chiral multiplets M in the







V Ṽ . (3.1)
The charges of the chiral multiplets are
G = SO(Nc) G̃ = SO(Ñc) SU(Nf ) U(1)a U(1)R ZC2 ZM2 ZC̃2 ZM̃2
Q Nc 1 Nf + r 0 0 0 0
q 1 Nf −Nc + 2 Nf − 1− r 0 0 0 0
M 1 1 Nf (Nf+1)
2
2 2r 0 0 + +
V 1 1 1 −Nf Ñc − rNf 0 0 + −
(3.2)
Here ZC2 (resp. ZC̃2) is the charge conjugation symmetry in theory A (resp. theory B).
ZM2 (resp. ZM̃2 ) is the magnetic symmetry in theory A (resp. theory B) [65].
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3.1 N = (0, 2) half-BPS boundary conditions
The requirement of gauge anomaly cancellation and ’t Hooft anomaly matching are
the same as for symplectic gauge theories. Again, using the general results presented
in [43] and summarised in appendix A.2 we find the following specific results for the
fields in the SO(Nc)− [Nf ] theory A and SO(Nf −Nc + 2)− [Nf ] theory B
AVM =− (Nc − 2) Tr(s2)−
Nc
4
(Nc − 1)r2, (3.3)






NcNf (a + (r − 1)r)2, (3.4)
Aq =Nf Tr(s̃2) +
1
2
(Nf −Nc + 2) Tr(x2) +
1
2
(Nf −Nc + 2)Nf (−a− rr)2, (3.5)
AM =1
2




Nf (Nf + 1)(2a + (2r − 1)r)2, (3.6)
AV =1
2
(−Nfa + ((1− r)Nf −Nc + 2)r)2 (3.7)
for Dirichlet boundary conditions. For Neumann boundary conditions the contribu-
tions are the same but with opposite sign. As for the symplectic case, the notation
s (s̃) refers to the gauge field strength in theory A (B), x to the field strength for
the global SU(Nf ) flavour symmetry, and a and r to the field strengths for the global
U(1)a and U(1)R symmetries.
We also need 2d boundary matter and the only multiplet required for the examples
we consider is an SO(Nc) × SO(Nf − Nc + 2) bifundamental Fermi. Analogously to
the symplectic case, here SO(Nc) is the 2d gauge group inherited from the bulk vector
multiplet with Neumann boundary conditions while SO(Nf−Nc+2) is a global flavour
symmetry which is identified with the dual gauge group broken to a global symmetry
by the Dirichlet boundary conditions for the dual vector multiplet. This gives anomaly
contribution
AΨ =(Nf −Nc + 2) Tr(s2) +Nc Tr(s̃2) . (3.8)
Note that as for the symplectic case this contribution is actually only half of what might
be expected for such a Fermi. However, this is precisely the contribution required for
anomaly cancellation and we interpret this as due to a reality condition on the Fermi.
We will comment again on this when discussing the Fermi contribution to the half-
index.
For now we consider the 3d dualities with vanishing Chern-Simons level, in which
case we have no background Chern-Simons terms.
The boundary conditions we consider are (N ,N) in theory A, referring to the choice
of Neumann boundary conditions for (VM, Q) together with (D,D,N,D) in theory B
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for (VM, q,M, V ). With this choice we need to cancel the gauge anomaly in theory A
which we can do by including the bifundamental Fermi in theory A. This also leads
to anomaly matching with theory B without any further 2d matter. In particular we
have
























and it is easy to see that all dependence on s is cancelled and









Taking the opposite choice of boundary conditions for all fields we also get anomaly
matching if we add the bifundamental Fermi to theory B instead of theory A. This
also cancels the gauge anomaly in theory B.
We therefore have the following proposed dualities
• Theory A with (N ,N) boundary conditions plus Fermi Ψ ↔ Theory B with
(D,D,N,D) boundary conditions.
• Theory A with (D,D) boundary conditions ↔ Theory B with (N ,N,D,N)
boundary conditions plus Fermi Ψ.
and in all cases we have an identification of discrete fugacities (defined in the following
section) ζ̃ and χ̃ in theory B in terms of those in theory A, ζ̃ = ζ and χ̃ = ζχ.
3.2 Supersymmetric indices
3.2.1 Full-index
For the orthogonal gauge groups the Seiberg-like dualities have been tested from the
evaluation of supersymmetric indices in [22, 87, 24]. The index depends on the global
structure of the gauge group. As shown in [24] all the indices can be constructed from
the SO(Nc) indices provided we include discrete fugacities ζ and χ for the ZM2 and ZC2
groups.
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For χ = +1 or Nc being odd the full-index of theory A with gauge group G =
























































































































































i=1 mi . (3.14)
In theory B there are additional gauge singlets M and V . As shown in (3.2), the
chiral superfield V is odd under ZM2 so that the index of V depends on the fugacity
21



























































































2 aNf ; q)∞
(ζ−1q1+
Nf−rNf−Nc
2 a−Nf ; q)∞
. (3.15)



































(±q 1+r2 ax−1α ; q)∞











































2 aNf ; q)∞
(ζ−1q1+
Nf−rNf−Nc
2 a−Nf ; q)∞
. (3.16)
The dualities lead to the identities of full-indices (3.13)-(3.16) [24]:
ISO(Nc)−[Nf ]
A




There are four half-indices for each choice of boundary conditions, labelled by the
values of ζ and χ. The standard SO(Nc) index is given by ζ = χ = +1. The half-
indices for the theory A IISO(Nc)−[Nf ]
A
ζ,χ match the half-indices for the dual theory B
IISO(Ñc)−[Nf ]
B
ζ̃χ̃ with ζ̃ = ζ and χ̃ = ζχ.
8We have an extra overall factor 2 compared to the formula in [24].
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Using the expressions in [43] for general gauge group and choosing group SO(Nc)
(see appendix A.3 for further details) where Nc = 2N + ε for ε ∈ {0, 1} since we often
have to distinguish between Nc even or odd, we have for Dirichlet gauge field boundary
























× IImatter(si → qmiui) (3.18)
where the effective CS coupling keff is determined by the ’t Hooft anomaly and the















































IImatter(si → qmiui) (3.22)
where now i and j take values from 1 to N − 1.
For Neumann gauge field boundary conditions we have, excluding the case of Nc






















































Note that the symmetry factor is 2N−1+εN !, the order of the Weyl group for SO(Nc),
except for the case of Nc even and χ = −1. In the latter case it is 2N−1(N − 1)! which
is twice the order of the Weyl group of SO(Nc − 2). This result can be found in [88],
although note that they refer to the ‘Weyl group’ of O(Nc) which have an order twice
that of the Weyl groups for SO(Nc).
The half-indices for theory B are given by the same expressions after replacing
Nc = 2N + ε with Ñc = 2Ñ + ε̃.
For the 3d fields in theory A with gauge group SO(Nc = 2N+ε) and theory B with
gauge group SO(Ñc = 2Ñ + ε̃ = Nf − Nc + 2) with Neumann or Dirichlet boundary




















































































where for χ = −1 and Nc even we send sN → 1 and s−1N → −1 in the contributions
from Q, while for χ̃ = −1 and Ñc even we send sÑ → 1 and s
−1
Ñ
→ −1 in the
contributions from q.
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The bifundamental Fermi, again with a reality condition as in the symplectic case,








































where F10 is included only if Nc is odd, F01 is included only if Ñc is odd and F11 is
included only if both Nc and Ñc are odd. In the case of Nc even and χ = −1 we
replace zN → 1 and z−1N → −1. Similarly in the case of even Ñc and χ̃ = −1 we
replace z̃N → 1 and z̃−1N → −1.
Then in the half-index for theory A with N boundary conditions we include IΨ
with the replacements zi → si and z̃i → ui. If instead we have N boundary conditions
in theory B we replace zi → ui and z̃i → si.
We now list some explicit examples using notation SO(Nc) − [Nf ]Aζχ to refer to
theory A with gauge group SO(Nc) with Nf fundamental chirals and discrete fugacities
ζ and χ. This is dual to theory B with gauge group SO(Ñc) with Nf fundamental
chirals and discrete fugacities ζ̃ = ζ and χ̃ = ζχ which we label SO(Ñc)− [Nf ]Bζ̃χ̃.
We first consider some examples with gauge group SO(1) in theory A. These are free
theories with Nf chirals but they are dual to interacting SO(Nf + 1)− [Nf ] theories.
The indices and half-indices for Nf free chirals are very simple so this leads to an
interesting set of q-series identities (assuming the duality holds). In some examples
the (half-)index of the dual theory also takes a simple form and the matching of
(half-)indices can easily be checked analytically. Following these SO(1) examples we
consider some cases with gauge group SO(2), equivalent to U(1) with Nf chirals of
charge +1 and Nf of charge −1, or gauge group SO(3). The latter differs from SU(2)
examples in that the matter is in the triplet representation corresponding to adjoint,
not fundamental, of SU(2). As there are significant differences between SO(Nc) with
Nc odd or even, our examples cover all combinations with (Nc, Ñc) both even, both
odd or one even and one odd.
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3.3 Nc = 1, Nf = 1 (SO(1)− [1])
















































(±q 1+r2 a; q)∞









(±q 1+r2 a; q)∞

































Note that in these examples, since the half-index of theory A is not sensitive to the



























±− = ISO(Nf−1)−[Nf ]
B
−+ . (3.47)
We will see the cases of Nf = 2, 3 below but not specifically comment again on this
point.
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3.3.1 SO(1)− [1] with N ,N + Fermi








































2u±; q)∞ . (3.51)



































































Note that,unlike for the full-indices, these theory A half-indices are sensitive to the
value of ζ due to the bifundamental Fermi multiplet.
3.3.2 SO(1)− [1] with D,D







































N ,N,D,N+Ψ = (−q; q)∞
1












N ,N,D,N+Ψ = (−q; q)∞
1





























Note that, as for the full-indices, the half-indices of theory A are not sensitive to
















N ,N,D,N+Ψ . (3.63)
















N ,N,D,N+Ψ . (3.65)
We will see the cases for Nf = 2, 3 below.
3.4 Nc = 1, Nf = 2 (SO(1)− [2])


















































































(−q 1+r2 a; q)2∞































(−q 1+r2 a; q)2∞




















































3.4.1 SO(1)− [2] with N , (N,N) + Fermis
















































2 ; q)∞. (3.75)
29

































































































3.4.2 SO(1)− [2] with D, (D,D)





























































































































3.5 Nc = 1, Nf = 3 (SO(1)− [3])


































































































(±q 1+r2 a; q)3∞








(−q−1+ 3r2 a3; q)∞



















(±q 1+r2 a; q)3∞








































































(−q−1+ 3r2 a3; q)∞
(−q2− 3r2 a−3; q)∞
. (3.91)
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3.5.1 SO(1)− [3] with N , (N,N,N) + Fermis
















































2u±2 ; q)∞ (3.95)




















































































































2 a3; q)∞. (3.99)
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3.5.2 SO(1)− [3] with D, (D,D,D)












2a−1; q)3∞ . (3.101)
























































































































2 s±i ; q)∞(q
1−ra−2; q)6∞
1
(−q2− 3r2 a−3; q)∞
.
(3.105)
3.6 Nc = 2, Nf = 2 (SO(2)− [2])
We now consider an example with SO(2) gauge group in theory A. This is equivalent
to U(1) with each fundamental chiral of SO(2) corresponding to two chirals of U(1)
with charges ±1. Note that the cases with χ = −1 in theory A are not sensitive to





±− = ISO(Nf )−[Nf ]
B
−− . (3.106)
Here we present only the cases with Nf = 2 which gives gauge group SO(2) also in
theory B.
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In the indices (3.110) and (3.112) the contribution from the gauge singlet V is can-
celled by that from the meson M . Accordingly, the index (3.110) can be alternatively
interpreted as the index of the mirror theory [89, 90, 71] for the SQED2, i.e. the U(1)
gauge theory with two pairs of chiral multiplets of charge ±1 as well as gauge singlets.
Note that such a cancellation does not occur and the indices of theory B and that of
the mirror theory are distinguished when one turns on the fugacities for the flavour
and topological symmetries.
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3.6.1 SO(2)− [2] with N , (N,N) + Fermis



































































































































3.6.2 SO(2)− [2] with D, (D,D)
As for the full-indices, for χ = −1 the theory A Dirichlet index is not sensitive to the








N ,N,D,N . (3.122)






































2a−1; q)2∞ . (3.125)
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3.7 Nc = 3, Nf = 3 (SO(3)− [3])
We now consider examples with non-Abelian gauge groups. In the first case with
SO(3) − [3]A the dual theory B is still Abelian with gauge group SO(2). In the
following section we will look at the case of Nf = 4 where theory B also has gauge
group SO(3).
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(−q 3r2 a3; q)∞
















































(−q 3r2 a3; q)∞
(−q1− 3r2 a−3; q)∞
. (3.137)
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3.7.1 SO(3)− [3] with N , (N,N,N) + Fermis


















































































































































































2 a3; q)∞ . (3.145)
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3.7.2 SO(3)− [3] with D, (D,D,D)




































































































































































(−q1− 3r2 a−3; q)∞
. (3.153)
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3.8 Nc = 3, Nf = 4 (SO(3)− [4])






































































































































































































































































































(−q 3−4r2 a−4; q)∞
. (3.161)
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3.8.1 SO(3)− [4] with N , (N,N,N,N) + Fermis
























































































































2 ; q)∞. (3.165)




































































































2 a4; q)∞ . (3.169)
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3.8.2 SO(3)− [4] with D, (D,D,D,D)
















































































































































































































(−q 3−4r2 a−4; q)∞
. (3.177)
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3.9 Chern-Simons level k 6= 0
As shown in [21] we can induce a non-zero Chern-Simons coupling starting from the
case of vanishing Chern-Simons level with Nf + |k| fundamental chirals and giving
masses to |k| of them. The process is almost identical to that for symplectic gauge
groups described in section 2.5. Taking the masses to ±∞ we integrate out these
|k| chirals and are left with Nf flavours and Chern-Simons coupling k = ±|k|. Here
the ± signs are the same for the masses and the sign of k. Note that for orthogonal
gauge groups k ∈ Z. In the dual theory B the corresponding chirals get masses of the
opposite sign and consequently theory B gets a Chern-Simons level −k. This produces
a duality SO(Nc)k ↔ SO(|k| + Nf − Nc + 2)−k with Nf fundamental chirals in both
theories. The matching with Z2 fugacities ζ and χ follows in the same way as for
k = 0.
Again for simplicity to avoid chiral edge modes [43] we focus on the cases with
negative masses for Neumann and positive masses for Dirichlet boundary conditions
which don’t require additional 2d multiplets other than those already present for k = 0.
This results in the matching of half-indices for
• (D,D) b.c. in theory A with gauge group SO(Nc)k ↔ (N ,N,D) b.c. in theory
B with gauge group SO(Ñc)−k with k > 0.
• (N ,N) b.c. in theory A with gauge group SO(Nc)k ↔ (D,D,N) b.c. in theory
B with gauge group SO(Ñc)−k with k < 0.
where we note that again the singlet V is also integrated out for k 6= 0.
These half-indices are given by a simple prescription of removing the IIV con-
tribution which is present in the half-indices for the k = 0 cases and noting that
Ñc = |k|+Nf −Nc + 2.
A derivation again follows from the limit taking masses to infinity as explained in
section 2.5 following the procedure for the full index [21].
Again as we have not turned on background fluxes, our half-indices are not sensitive
to other background Chern-Simons levels, but we note that these again arise from the
process of integrating out the chirals. In particular, in addition to the ±kTr(s2) or














2 + kNc(r − 1)ar +
1
2



































+ 3(2r2 − 1)
)














2 + kNc(r − 1)ar +
1
2
kN(r − 1)2r2, (3.180)
ASO(Ñc)k>0−[Nf ]
B












k(Nc +Nf + 3)−N2f
)
a2















+ 3(2r2 − 1)
)
−2(N +Nf (r − 1)− 1)2
)
r2. (3.181)
3.9.1 SO(2)±k − [2− k]
Below we have k ∈ {1, 2}.














































































































(±aq1−r/2; q)2−k∞ , (3.193)

















































































N ,N,D,N+Ψ = (−q; q)∞
1
(±q 1−r2 a−1; q)2−k∞


































N ,N,D,N+Ψ = (−q; q)∞
1
(±q 1−r2 a−1; q)2−k∞










3.10 Checks on matching of indices
We have performed checks on the claimed matching half-indices using Mathematica
to expand the q-series to at least order q5 after first defining a fugacity y = qr−1/2
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to replace all terms with dependence on the parameter r in the R-charge assignment.
Details of the expansion to this order are listed in appendix B.2.
Some of the identities can also be checked analytically. The cases where the indices
do not include any integration or summation over monopole charges are particularly
straightforward. This will occur in full-indices and half-indices with gauge group
SO(1) as well as in the case of gauge group SO(2) with χ = −1. The full-indices and
half-indices in both theories will satisfy this property for precisely the following cases
SO(1)− [1]A+− ↔ SO(2)− [1]B+−, (3.206)
SO(1)− [1]A−+ ↔ SO(2)− [1]B−−, (3.207)
SO(2)− [2]A+− ↔ SO(2)− [2]B+−, (3.208)
which we have presented and the cases
SO(2)− [1]A+− ↔ SO(2)− [1]B+−, (3.209)
SO(2)− [1]A−− ↔ SO(2)− [1]B−+, (3.210)
which we have not presented. The variations with Chern-Simons levels can also be
easily checked directly or by noting that they arise when taking the appropriate limits
of these indices. For the case of SO(2)− [2]+− this requires first checking the indices
including the flavour fugacities x1 and x2 but this is straightforward.
The analytic checks indicated above rely only on elementary Pochhammer identities
(±x; q)∞ = (x2; q2)∞, (3.211)
(x; q)∞ =(x; q
2)∞(qx; q
2)∞ . (3.212)
When checking the cases with SO(2) and χ = −1 it is useful to note that setting




























































where for the theory B half-index we used x1x2 = 1 for the SU(2) flavour symmetry
to see that the contribution for V cancels part of the contribution from M .
4 Other orthogonal gauge theories
For the Lie algebra so(Nc), there exist other possibilities of the gauge groups, O(Nc)±,
Spin(Nc) and Pin(Nc)±, which lead to distinct gauge theories [24, 65]. Another pos-
sibility is SO(2N)/Z2 but we do not consider this case.
While the SO(Nc) gauge theory has the monopole operators carrying weights as
well as roots of the dual magnetic group, the Spin(Nc) gauge theory only contains
the monopole operators carrying roots. In the Spin(Nc) gauge theory the minimal
monopole operator which turns on one unit of magnetic flux and parametrises the
Coulomb branch looks semi-classically VSpin ≈ exp(2σ1ĝ23 + 2iγ1) where σi and γi are
the adjoint scalar fields in the vector multiplet and the dual photons. It can be also
described as
VSpin =
V 21 V 22 · · ·V 2N−2VN−1VN for ε = 0V 21 V 22 · · ·V 2N−2V 2N−1VN for ε = 1 (4.1)





+ i(γi − γi+1)
]






+ i(γN−1 − γN)
]







for ε = 1
(4.3)
where ĝ23 = g
2
3/4π and g3 is the 3d gauge coupling constant. In other words, it is the
square of the minimal monopole operator V ≈ exp(σ1
ĝ23




One can also consider the gauge theories with disconnected orthogonal gauge
groups O(Nc) and Pin(Nc) which include the reflections along the line bundle or
determinant bundle. While the baryon B = QNc is an independent operator that is
charged under ZC2 for SO(Nc) and Spin(Nc), it is not for O(Nc) and Pin(Nc) since ZC2
is gauged.
We can construct O(Nc)+ theories from SO(Nc) theories by gauging the charge
conjugation symmetry ZC2 of the SO(Nc). Alternatively, gauging ZMC2 , the diagonal
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subgroup of ZM2 ×ZC2 , leads to O(Nc)− theories [24, 65]. At the level of the Lagrangian
description, they are distinguished by a discrete theta angle which is proportional to
w1 ∧ w2 where wi ∈ H i(X,Z), i = 1, 2 are Z2-valued Stiefel-Whitney characteristic
classes of O(Nc) bundle on a 3-manifold X. Both w1 and w2, i.e. theta angle are
non-zero only for O(Nc) but not for SO(Nc), Spin(Nc) or Pin(Nc)± [91, 92].
The O(Nc)+ gauge theories and their dualities were discussed in [20, 21, 22, 23, 87].
In particular, the matching of the indices for the O(Nc)+ gauge theories was tested
in [22, 87]. Similarly to the SO(Nc) gauge theory, the O(Nc)+ gauge theory has the
minimal monopole operator V = exp(σ1
ĝ23
+ iγ1) which is charge-conjugation-even and
gauge invariant.
On the other hand, in the O(Nc)− gauge theory the monopole operator V is charge-
conjugation-odd and not gauge invariant. Instead, the product of V with the baryon
B as well as the monopole operator VSpin and the baryon-monopole operator β =




are the SO(2) monopoles which are even and odd under ZC2 .
Furthermore, one can obtain the Pin(Nc) gauge theories by gauging the global
symmetry ZM2 × ZC2 , which can also be viewed as gauging the ZC2 of Spin(Nc) or the
ZM2 of O(Nc)± [24, 65]. More precisely this gives Pin(Nc)+ but a modification of the
gauging process produces Pin(Nc)− [65].
The 4d duality between Spin(Nc) and O(Ñc)− gauge theories gives rise to the 3d
IR dualities [24]:
• Theory A: Spin(Nc) gauge theory with Nf chiral multiplets Q in the vector
representation.
• Theory B: O(Ñc = Nf − Nc + 2)− gauge theory with Nf chiral multiplets q
in the vector representation, Nf (Nf + 1)/2 neutral chiral multiplets M in the
rank-2 symmetric representation of SU(Nf ) and a chiral multiplet V which has
a superpotential.
and similarly with O(Nc)− for theory A and Spin(Ñc) for theory B.
For the Pin(Nc)+ gauge theories, the duality can be derived by gauging ZM2 of the
O(Nc)+ duality [20, 21, 22, 23, 87]. It gives rise to the duality between the Pin(Nc)+
gauge theory and Pin(Ñc = Nf −Nc + 2)+ gauge theory.
The identities (3.17) imply the identities of the O(Nc)±, Spin(Nc) and Pin(Nc)+
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O(Ñc)+−[Nf ]Bζ,χ′ , (ζ, χ′) 6= (−,−)








χ′,ζ , (ζ, χ′) 6= (−,−)
−ISpin(Ñc)−[Nf ]
B/A
χ′,ζ , (ζ, χ′) = (−,−)
, (4.6)
I
Pin(Nc)±−[Nf ]Aζ′,χ′ = I
Pin(Ñc)±−[Nf ]B±ζ′χ′,χ′ , (4.7)
where 9 the indices can be constructed from the SO(Nc)ζχ indices by summing over ζ




















ISpin(Nc)−[Nf ]ζ′,+ + χ′ISpin(Nc)−[Nf ]±ζ′,−
)
, (4.10)
where χ′ = ±1 corresponds to a projection onto even or odd states under, ZC2 for
O(Nc)+ and Pin(Nc)+ or ZMC2 for O(Nc)−, and ζ ′ = ±1 determines a projection onto
even or odd states under ZM2 for Spin(Nc) and Pin(Nc)+. Such an interpretation of
ζ ′ and χ′ is less straightforward for Pin(Nc)−. These parameters can be viewed as
discrete theta angles.
Similarly to the equalities (4.5)-(4.7) of the full-indices, we find the half-index











































where we have boundary conditions (B; B̃) = (N ,N + Ψ;D,D,N,D) or (B; B̃) =
(D,D;N ,N,D,N + Ψ). In both theory A and theory B these half-indices are de-
fined, with boundary conditions B, by gauging the same symmetries as described for



























The equalities (4.11)-(4.14) indicate the dualities of the basic N = (0, 2) half-BPS
boundary conditions for 3d N = 2 theories with orthogonal gauge groups; O(Nc)±,
Spin(Nc) and Pin(Nc)±. These can easily be extended to include Chern-Simons levels
for the gauge groups by integrating out some of the fundamental chirals as explained
for the SO(Nc) half-indices in section 3.9.
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A General results for 2d anomalies and half-indices
A.1 Notations
We use the standard notation by defining q-shifted factorial
(a; q)0 := 1, (a; q)n :=
n−1∏
k=0
(1− aqk), (q)n :=
n∏
k=1




(1− aqk), (a±; q)∞ := (a; q)∞(a−1; q)∞,
(a±b∓; q)∞ := (ab
−1; q)∞(a




where a and q are complex numbers with |q| < 1.
A.2 General contributions to 2d anomalies
Here we summarise the general results presented in [43] to calculate the 2d boundary
anomaly polynomial.
The conventions are chosen so that a left-handed 2d complex fermion with charge
c under a U(1) symmetry with field strength f contributes +(cf)2 to the anomaly
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polynomial. This is therefore the contribution from Fermi multiplet charged under
the U(1). A right-handed fermion, and hence a chiral multiplet, contribute with the
opposite sign, i.e. −(cf)2.
A key result is that 3d chiral multiplets with Dirichlet (Neumann) boundary con-
ditions will project out the right-handed (left-handed) fermion, leaving a boundary
left-handed (right-handed) fermion, but that the anomaly contribution will be half
that of a 2d fermion. Therefore a 3d chiral multiplet with charge c under the U(1)
symmetry will contribute 1
2
(cf)2 for Dirichlet and −1
2
(cf)2 for Neumann boundary
conditions. One slight subtlety is that for the U(1) R-symmetry the fermions have a




If we have several U(1) factors we add up the contributions of the form cf before
squaring.
These results generalise to irreducible representations R of non-Abelian simple
compact groups G by setting c = 1 and replacing f2 with TrR(f
2). The trace in
representation R is given by TrR(f




2) where TR is the
quadratic index of R (proportional to the quadratic Casimir multiplied by the dimen-
sion of R) normalised so that Tadjoint = 2h where h is the dual Coxeter number. We
have the following values for SU(N)
TFundamental =1, (A.2)
TAdjoint =2h = 2N, (A.3)
TRank 2 symmetric =N + 2, (A.4)
TRank 2 antisymmetric =N − 2 . (A.5)
For SO(N) we have
TFundamental =2, (A.6)
TAdjoint =2h = 2(N − 2) (A.7)
while for USp(2N)
TFundamental =1, (A.8)
TAdjoint =2h = 2(N + 1) . (A.9)
More precisely the results for SO(N) apply to N ≥ 4 but we choose the same normal-
isation for SO(2) and SO(3).
In addition, a 3d Chern-Simons coupling at level k gives a contribution kf2.
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A.3 General expressions for half-indices
Here we summarise the general results presented in [39, 41, 42, 43] (also see [93, 94, 95]
for 2d indices) to calculate the half-indices. For a 2d chiral multiplet with R-charge ρ





while for a Fermi multiplet we have
F (q(1+ρ)/2x; q) =(q(1+ρ)/2x; q)∞(q
(1−ρ)/2x−1; q)∞. (A.11)





IID =(q1−ρ/2x−1; q)∞ (A.13)
for Neumann or Dirichlet boundary conditions.
If we have a representation R of a non-Abelian simple group G we take the product








For example, the sα could be labelled s1, s2, . . . , sN with the constraint s1s2 · · · sN = 1
for the fundamental representation of SU(N) – for U(N) we simply drop the constraint
s1s2 · · · sN = 1. These fugacities si correspond to the fundamental weights µi, with
the constraint
∑
i µi = 0 for SU(N).
One point to note is that the weights of the adjoint representation include zero
weights and the vector multiplet fermions have opposite chirality to those from chiral
multiplets for the same boundary condition. So, for U(N), the contribution of the
vector multiplet with Neumann boundary conditions is given by the gauginos (with























In the half-index the projection onto gauge invariant state is imposed by contour
integration over the gauge fugacities si and this includes a Vandermonde determinant





(1− sα)(qsα; q)∞ =
∏
α∈roots(G)
(sα; q)∞ . (A.16)
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Instead, for Dirichlet boundary conditions the contribution is from the surviving

































and now the gauge symmetry is broken so G is a global symmetry, and there is no
projection onto gauge invariant states.
However, as explained in [43] the complete non-perturbative half-index with Dirich-
let boundary conditions for the vector multiplet is given after including a sum over
monopole charges and including factors for the effective Chern-Simons levels. Specif-
ically, there is a sum over all magnetic charges m ∈ cochar(G). Each term in this
sum is given by the same half-index but with the fugacities si shifted by a factor
qmi reflecting the spin induced by magnetic charge mi and a factor for the monopole
contribution. This monopole factor is [43]
(−q1/2)keff [m,m]skeff [m,−] (A.18)
where keff is a bilinear form defined by the anomaly polynomial. The interpretation
is that for U(1) at Chern-Simons level k we would have contribution (−q1/2)km2skm
reflecting the induced electric charge km of the monopole due to the Chern-Simons
level and consequently the induced spin km2/2. Note that our convention is that
the indices involve tracing (−1)F , whereas in [43] the convention was (−1)R. These
conventions are simply related by q1/2 ↔ (−q)1/2 and can lead to some sign differences
when comparing explicit expressions for indices and half-indices. In particular, for
the Dirichlet half-indices in our convention we may get sign factors depending on the
magnetic charges in the sum, of the form (−1)km2 as objects with spin km2/2 are
fermions for odd km2. Such terms indeed appear for the orthogonal half-indices, but
not for the symplectic case where in all cases (−1)keff [m,m] = 1.
The results above in terms of rank(G) and product over roots hold also for SU(N),
USp(2N) and SO(Nc).
The details for the symplectic case are very similar to the unitary case. The
fundamental weights for USp(2N) are ±µ1,±µ2, . . . ,±µN giving fugacities s±1i , while
the roots are µi − µj ∀i 6= j and ±(µi + µj) ∀i ≤ j.
For SO(Nc) we need to consider separately the cases of Nc even or odd. For the
even case we write Nc = 2N and we have fundamental weights ±µ1,±µ2, . . . ,±µN
and the roots are ±µi ± µj ∀i < j where all four sign combinations are taken.
For the case of odd Nc we write Nc = 2N + 1 and we have one additional funda-
mental weight µ0 = 0 giving additional roots ±µi + µ0 = ±µi ∀i.
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The above results, along with details of the monopole sums and effective Chern-
Simons levels define the half-indices, although we found that the effective Chern-
Simons levels need a different normalisation factor for symplectic gauge groups. How-
ever, there is a further complication for the SO(Nc) indices when the discrete fugacity
χ for the ZC2 global symmetries is included.
For the case of odd Nc if we have χ = +1 we can consider that we have a gauge
fugacity s0 = 1 arising from the fundamental weight µ0 = 0. If instead we have χ = −1
we set s0 = −1. So, in general we have s0 = χ meaning that the fugacities associated
to the roots ±µi + µ0 are χs±1i .
Note that these four different sectors for SO(Nc), labelled by ζ and χ arise in 3d
and so are inherited on the boundary since we have bulk gauge fields with boundary
conditions. In 2d theories on T 2 there are additional sectors as there is a different
classification of flat connections on T 2 as clearly explained in [88]. The point to note
here is that this means the half-index for orthogonal groups is quite different from the
2d elliptic genus.
For even Nc = 2N if we have χ = −1 we must replace the gauge fugacities corre-
sponding to fundamental weights µN and −µN with sN → 1 and s−1N → −1. In cases
of ambiguity, it is necessary to check whether the factor of sN originated from funda-
mental weight µN or −µN . One point to note in this case is that in the derivation of
the vector multiplet contribution to the index one of the factors of (q)∞ (for Neumann
or Dirichlet boundary conditions) arose from the adjoint weight µN + (−µN) = 0
giving factor (qsNs
−1
N ; q)∞ = (q)∞. In the case of χ = −1 this is replaced, since
sNs
−1





∞ (−q; q)∞ for G = SO(2N) with χ = −1.
Finally, our notation for fugacities is to label gauge fugacities si as above for half-
indices with Neumann boundary conditions for the vector multiplet and instead ui
if we have Dirichlet boundary conditions. This applies to both theories A and B in
the proposed dualities and is unambiguous as all these dualities involve Neumann for
one theory and Dirichlet for the other. Of course, gauge invariance is imposed by
integrating over the si so the results will depend on the ui only.
Our notation for other fugacities is a for U(1)a and xα for global SU(NF ) flavour
symmetries. In numerical checks we often set xα = 1 for simplicity. Note that
∏
α xα =
1 but we could also use fugacities x̂α which don’t obey such a constraint for the global
U(Nf ) flavour symmetry by combining SU(NF ) and U(1)a. We comment on this when
discussing dualities for non-zero Chern-Simons levels.
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B Series expansions of indices
We show several terms in the expansions of indices obtained by using Mathematica.
B.1 USp(2Nc)− [2Nf ]
We show the expansions of full-indices and the half-indices in powers of q by defining
a fugacity y := qr−
1
2 . We find the matching at least up to q5.
B.1.1 USp(2Nc)− [2Nf ]
Nc Nf Ñc I






































































































B.1.2 USp(2Nc)− [2Nf ] with N , (N,N,N; N,N,N) + Fermis
Nc Nf Ñc II
USp(2Nc)−[2Nf ]A




























































B.1.3 USp(2Nc)− [2Nf ] with D, (D,D,D; D,D,D)
































































B.2 SO(Nc)− [Nf ]ζχ
We show several terms in the expansions of full-indices and half-indices in powers of q
by defining a fugacity y := qr−
1
2 or t := qr−
3
4 . We find the agreement at least up to q5.
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B.2.1 SO(Nc)− [Nf ]++
Nc Nf Ñc I





























































































































































































B.2.2 SO(Nc)− [Nf ]−+
Nc Nf Ñc I








































































































































































B.2.3 SO(Nc)− [Nf ]+−
Nc Nf Ñc I








































































































































B.2.4 SO(Nc)− [Nf ]−−
Nc Nf Ñc I







































































































































B.2.5 SO(Nc)− [Nf ]++ with N , (N,N,N; N,N,N) + Fermis
Nc Nf Ñc II
SO(Nc)−[Nf ]A++




































































































































B.2.6 SO(Nc)− [Nf ]−+ with N , (N,N,N; N,N,N) + Fermis
Nc Nf Ñc II
SO(Nc)−[Nf ]A−+


























































B.2.7 SO(Nc)− [Nf ]+− with N , (N,N,N; N,N,N) + Fermis
Nc Nf Ñc II
SO(Nc)−[Nf ]A+−












































B.2.8 SO(Nc)− [Nf ]−− with N , (N,N,N; N,N,N) + Fermis
Nc Nf Ñc II
SO(Nc)−[Nf ]A−−































































































B.2.9 SO(Nc)− [Nf ]++ with D, (D,D,D; D,D,D)











































































































































































































B.2.10 SO(Nc)− [Nf ]−+ with D, (D,D,D; D,D,D)























































































































































































B.2.11 SO(Nc)− [Nf ]+− with D, (D,D,D; D,D,D)


































































































































































































B.2.12 SO(Nc)− [Nf ]−− with D, (D,D,D; D,D,D)
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